Abstract. We prove a uniqueness theorem for irreducible non-critical GelfandTsetlin modules. The uniqueness result leads to a complete classification of the irreducible Gelfand-Tsetlin modules with 1-singularity. An explicit construction of such modules was given in [8] . In particular, we show that the modules constructed in [8] exhaust all irreducible Gelfand-Tsetlin modules with 1-singularity. To prove the result we introduce a new category of modules (called Drinfeld category) related to the Drinfeld generators of the Yangian Y (gl n ) and define a functor from the category of non-critical Gelfand-Tsetlin modules to the Drinfeld category.
Introduction
The representation theory of the Lie algebra g = gl n of all n × n complex matrices plays fundamental role in numerous areas of mathematics and physics. A natural category of g-modules is the category of Gelfand-Tsetlin modules -those that have generalized eigenspace decompositions over a certain maximal commutative subalgebra (Gelfand-Tsetlin subalgebra) Γ of the universal enveloping algebra of g. The concept of a Gelfand-Tsetlin module generalizes the construction of classical Gelfand-Tsetlin bases that have been introduced in [11] , [12] . The general theory of Gelfand-Tsetlin modules was developed in [1] , [2] , [4] , [5] , [7] , [8] , [9] , [14] , [15] , [16] , [17] , [18] , [19] , [20] , [21] , [24] , among others.
Throughout the paper, for n ≥ 2, T n (C) ≃ C n(n+1) 2 will stand for the space consisting of the following Gelfand-Tsetlin tableau:
We will identify T n (C) with the set C n(n+1) 2 in the following way: to L = (l n1 , ..., l nn |l n−1,1 , ..., l n−1,n−1 | · · · |l 21 , l 22 |l 11 ) ∈ C n(n+1) 2
we associate a tableau T (L) as above. For a fixed element L = (l ij ) n j≤i=1 in T n (C) consider the set L Z := L + T n−1 (Z) = {L + M | M = (m ij ) n j≤i=1 ∈ T n (Z), m nk = 0 , k = 1, . . . , n}.
Henceforth, we define V (L) to be the complex vector space with basis the set L Z , i.e.
). An open problem which dates back to the work of Gelfand and Graev, [11] , is to define a gl n -module structure on a subspace of V (L) annihilated by some maximal ideal of the Gelfand-Tsetlin subalgebra. Solutions to this problem are known in various cases, the most fundamental of which relies on the construction of Gelfand-Tsetlin bases of finite dimensional representations of g.
Another important solution concerns the generic Gelfand-Tsetlin modules. More precisely, a pair of entries (l mi , l mj ) of L such that l mi − l mj ∈ Z is called a singular pair. If T (L) contains a singular pair in the m-th row for some 2 ≤ m ≤ n − 1 then we call T (L) a singular tableau (and L a singular element in T n (C)). A tableau T (L) is 1-singular if it contains exactly one singular pair. If T (L) is not singular it is called generic. For a generic tableau T (L), one can imitate the construction of Gelfand-Tsetlin bases of finite-dimensional representations and construct a gl nmodule structure on V (L), see for example [5] .
The study of singular modules V (L) was initiated in [8] , where a module structure on V (L) was introduced for any 1-singular tableau L. The latter construction was generalized in [9] for singular tableaux L with multiple singular pairs such that the difference of the entries of any two distinct singular pairs is noniteger. By taking irreducible quotients of V (L) new irreducible Gelfand-Tsetlin modules for gl n were constructed. In particular, understanding the 1-singular case helped us to complete classification of irreducible Gelfand-Tsetlin gl 3 -modules in [10] . Explicit basis for a class of irreducible 1-singular Gelfand-Tsetlin gl n -modules was constructed in [13] .
We note that to each L ∈ T n (C) we associate the maximal ideal m L of the Gelfand-Tsetlin subalgebra Γ generated by c ij −γ ij (L), 1 ≤ j ≤ i ≤ n, where c ij are the generators of Γ, and γ ij are symmetric polynomials defined in (3). Furthermore, for every maximal ideal m of Γ there exists an irreducible Gelfand-Tsetlin module V such that V m = 0 (see (2) for the definition of V m ) and the number of such non-isomorphic irreducible modules V is finite, [24] . In fact, for a generic L there exists a unique up to isomorphism irreducible module V such that V mL = 0. On the other hand, if L is 1-singular, the number of such non-isomorphic irreducible Gelfand-Tsetlin modules is bounded by 2 and it is 2 for some L. The following conjecture was stated in [8] and was known to be true for n = 2 and n = 3.
Conjecture. Let L be a 1-singular tableau and m = m L . Then any irreducible Gelfand-Tsetlin module V with V mL = 0 is isomorphic to a subquotient of V (L).
The main purpose of the current paper is to prove this conjecture and, hence, to complete the classification of all irreducible 1-singular Gelfand-Tsetlin modules of gl n , n ≥ 2. The nontrivial case of the conjecture concerns non-critical modules, see Theorem 2.1. We say that L and m = m L are critical if L has equal entries in some of its rows. A Gelfand-Tsetlin module V such that V m = 0 for some critical maximal ideal m will be called critical.
To prove the conjecture we introduce a new technique, which is essentially different from the one we used in [8] and [9] . The main idea is to consider Drinfeld generators of the universal enveloping algebra of gl n . With the aid of the Drinfeld generators, for every non-critical maximal ideal m of Γ we introduce a new category of modules D m -mod that we call Drinfeld category. Then we define a faithful functor from the category of Gelfand-Tsetlin modules having m as a character to D m -mod. This functor preserves irreducibility and maps non-isomorphic modules to non-isomorphic.
Main Theorem. Let V be an irreducible non-critical Gelfand-Tsetlin gl n -module. Then the following hold.
(
The proof of Main Theorem involves a study of the irreducible modules in D mmod. Main Theorem, in particular, implies the conjecture above and completes the classification of the irreducible 1-singular g-modules.
The organization of the paper is as follows. In Section 2 we collect some important results about singular Gelfand-Tsetlin modules. The definition of the Drinfeld category D m -mod and the functor from the category of Gelfand-Tsetlin modules having m in its support to D m -mod are included in Section 3. In Section 4 we study irreducible modules in D m -mod. The main result is proven in Section 5.
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Singular Gelfand-Tsetlin modules
Consider a chain of embeddings of Lie subalgebras
The choice of embeddings is not essential but for simplicity we chose embeddings of principal submatrices of n × n-matrices. Set U k = U (gl k ) to be the universal enveloping algebra of gl k , k = 1, . . . , n. The Gelfand-Tsetlin subalgebra Γ of U = U n associated with this chain of embeddings is the subalgebra generated by the centers of universal enveloping algebras of gl k , k = 1, . . . , n. It is the polynomial algebra in the n(n + 1) 2 generators {c mk | 1 ≤ k ≤ m ≤ n}, where
and E ij denote the (i, j)th elementary matrix, [25] .
A gl n -module V is a Gelfand-Tsetlin module (with respect to Γ) if
where
and Specm Γ denotes the set of maximal ideals of Γ. The set of all m in Specm Γ for which V m = 0 is called the Gelfand-Tsetlin support or just the support of V .
To every element L = (l ij ) in T n (C) we associate the maximal ideal m L of Γ generated by c mk − γ mk (L) where
Recall the definition of
, and all such L ′ belong to a single orbit of the group
Recall the definition of a singular tableau from the introduction. We will say that T (L) is a critical tableau if the two entries of the singular pair of L are equal.
is generic, singular, or critical, respectively. Recall that the classification of simple Gelfand-Tsetlin modules having only generic tableaux in their support has been completed in [5] . The following theorem shows that the classification of simple 1-singular Gelfand-Tsetlin modules V can be reduced to those V that have no critical ideals in their Gelfand-Tsetlin support.
critical tableau then there exists a unique (up to an isomorphism) irreducible Gelfand-Tsetlin module
V such that V mL = 0. (iv) V (L) ≃ V (L ′ ) if and only if there exists σ ∈ G such that L − σ(L ′ ) ∈ T n−1 (Z), or equivalently, if L and L ′ are in the same orbit under the action of G ⋉ T n−1 (Z) on T n (C). (v) dim V (L) m ≤ 2 for any maximal ideal m of Γ. If
Drinfeld category
3.1. Drinfeld generators. We briefly recall the definition of the Yangian of gl n . For more details we refer the reader to the original work of Drinfeld, [3] , as well as to the book [21] . The Yangian Y (gl n ) of gl n is an associative algebra generated by the elements T (r) ij where i, j = I, . . . , n and r = 1, 2, . . . subject to the following relations:
. .. Note that we fix the relations to be the same as those in [23] . Introduce the formal Laurent series in u −1 ,
Next we recall the definition of quantum determinant. Let
be an arbitrary matrix whose entries are formal Laurent series in u −1 with coefficients in Y (gl n ). The quantum determinant of X(u) is:
where l(σ) is the length of σ. [23] .
In the following proposition we collect some basic properties of the Drinfeld generators. 
4). The following commutation relations hold in
Now, following the construction of [23] , we define generators of U (gl n ) coming from A m (u), B m (u), C m (u), D m (u), as follows. The algebra Y (gl n ) contains the universal enveloping U (gl n ) as a subalgebra through the embedding E ij → T (1) ji . Also, there exists a surjective homomorphism φ : Y (gl n ) → U (gl n ) defined by (l m1 , . . . , l mm ) of distinct complex numbers we can recover the Drinfeld generators of U (gl n ) knowing their values at −l mi , i = 1, . . . , m using the Lagrange interpolation formula. For instance,
We denote the images of
(as usual, t indicates that the corresponding term t is missing in the product). For a general tuple (l m1 , . . . , l mm ) one can use the Lagrange-Newton interpolation formula. We note though that in this paper we restrict our attention to non-critical tableaux L (distinct l m1 , ..., l mm ). Let now V be a Gelfand-Tsetlin module such that V has no critical maximal ideals in its (
On the other hand, Proposition 3.1 implies other useful properties for the action of c m (−l mi ) and b m (−l mi ) on any Gelfand-Tsetlin module listed below. (
Recall that a Gelfand-Tsetlin module V is tame, if the action of Γ on V is diagonalizable. In [8] it is proven that an irreducible 1-singular Gelfand-Tsetlin module that has no critical maximal ideals in its Gelfand-Tsetlin support is tame. We now generalize this to any singular Gelfand-Tsetlin module. 
Recall that the purpose of the paper is to classify all simple 1-singular GelfandTsetlin modules V . In the case when V has a 2-dimensional Gelfand-Tsetlin subspace V m for some m, then V is a subquotient of the module V (L) for some L, [8] . Thus, to complete our classification of simple 1-singular Gelfand-Tsetlin modules we need only to consider tame modules only.
We with the same convention for r = −1 as above. Then we may assume that our monomial contains
for some r ij ∈ {−1, 0, . . .}. Finally, we can assume that our monomial contains 
Classification of irreducible 1-singular Gelfand-Tsetlin modules
If V contains a critical maximal ideal in its Gelfand-Tsetlin support, then V need not to be a tame module. Nevertheless we have the following. Proof. Consider a 1-singular maximal ideal m = m L . If m is critical then such module M is unique by Theorem 5.1 and, hence, it is isomorphic to a subquotient of V (L). Suppose now that m is not critical. Then V (L) has at least one irreducible subquotient S with m in its Gelfand-Tsetlin support. Recall that all Gelfand-Tsetlin multiplicities of U n /U n m are at most 2 by [8] , Corollary 7.1 (cf. also [6] , Theorem 4.12). Also note that any irreducible Gelfand-Tsetlin gl n -module N that has m in its Gelfand-Tsetlin support is a subquotient of U n /U n m. Then we immediately have that M ≃ S if dim S m = 2. Assume now that dim S m = 1. Then there exists another irreducible subquotient S ′ of V (L) with m in the Gelfand-Tsetlin support. If S ′ is not isomorphic to S then M is isomorphic to one of them since both these modules are subquotients of U n /U n m. It remains to consider the case when S ′ ≃ S. Suppose M is not isomorphic to S. Then M can not have any critical maximal ideals in its Gelfand-Tsetlin support by Theorem 5.1. Indeed, otherwise M is a subquotient of V (L) and thus isomorphic to S. Applying Proposition 3.4 we conclude that M is a tame module. But an irreducible tame Gelfand-Tsetlin module with no critical maximal ideals that has m in the Gelfand-Tsetlin support is unique (up to an isomorphism) by Theorem 4.2. Therefore, M ≃ S which completes the proof.
